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In the case of systems composed of identical particles, a typical instance in quantum sta-
tistical mechanics, the standard approach to separability and entanglement ought to be
reformulated and rephrased in terms of correlations between operators from subalgebras
localized in spatially disjoint regions. While this algebraic approach is straightforward
for bosons, in the case of fermions it is subtler since one has to distinguish between
micro-causality, that is the anti-commutativity of the basic creation and annihilation
operators, and algebraic independence that is the commutativity of local observables.
We argue that a consistent algebraic formulation of separability and entanglement should
be compatible with micro-causality rather than with algebraic independence.
Keywords: Entanglement; Identical particles; Fermionic Systems
1. Introduction
In trying to apply the standard definitions of separability and entanglement to sys-
tems of identical particles, one immediately faces a problem: the indistinguishability
of the system constituents conflicts with Hilbert space tensor product structure on
which these notions are based. The point is that the particles are identical and
therefore they can not be singly addressed, nor can their individual properties mea-
sured: only collective, global system operators are in fact admissible, experimentally
accessible observablesa 1,2.
In this context, the usually adopted definition of separability based on the par-
ticle aspect of first quantization being too restrictive, one resorts to the second
aEntanglement in many-body systems has been widely discussed in the recent literature, e.g. see
3-23; however, for the reasons just pointed out, only a limited part of those results are really
applicable to the case of identical particle systems.
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quantization language proper to quantum many-body theory where the primary
objects are the algebras of operators rather than states in a Hilbert space 24. The
new point of view towards separability and entanglement has been advocated be-
fore 27-30, but formalized only recently 31-36 with particular attention on bipartite
entanglement, aiming at specific applications to quantum metrology.
In the following, we shall consider the second quantized (algebraic) approach
to the notions of separability and entanglement in the case of systems composed
of fermions whose elementary creation and annihilation operators anti-commute.
We shall show that the canonical anti-commutation relations in connection with
the properties of locality and commutativity of the system observables make the
theory of fermion entanglement even richer than in the case of bosonic systems.
Indeed, while anti-commutativity of creation and annihilation operators of orthog-
onal fermionic states corresponds to the axiom of micro-causality in axiomatic
quantum field theory 24,25,26, locality has to do with observables localized within
regions that forbid the possibility of interference between their respective measure-
ments: these observables must then commute, a property known in the literature
as algebraic independence 37. While for quantum systems consisting of bosons
locality is compatible with micro-causality as the creation and annihilation opera-
tors of single particle states obey the canonical commutation relations, in the case
of fermions is not so and this fact clearly emerges when one wants to extend to such
systems the standard notions of entanglement and separability. In the following we
define entanglement and separability in terms of micro-causality rather than bas-
ing on algebraic independence and argue that this a more consistent choice from a
physical point of view.
2. Entanglement in Fermi systems
We shall consider a many-body system consisting of a fixed number N of fermions
each of which can be found inM different modes, i = 1, 2, . . . ,M ≥ N : the choice of
modes is highly non-unique as they correspond to the the orthogonal components
of any orthonormal basis in the single particle (M -dimensional) Hilbert space, M
being possibly infinite. The second quantization description of such a system as-
sociates to each mode i creation and annihilation operators, a†i , ai
24 obeying the
Canonical Anti-commutation relations (CAR)
{ai, a†j} ≡ ai a†j + a†j ai = δij , {ai, aj} = {a†i , a†j} = 0 . (1)
The most natural Hilbert space H associated to this system is the Fock space
spanned by the states obtained by applying creation operators to the vacuum vector
|0〉 (ai|0〉 = 0):
|n1, n2, . . . , nM 〉 = (a†1)n1 (a†2)n2 · · · (a†M )nM |0〉 , (2)
the integers n1, n2, . . . , nM representing the occupation numbers of the different
modes; due to (1), they can take only the two values 0 or 1. The set of polynomials
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in all creation and annihilation operators, {a†i , ai | i = 1, 2, . . . ,M}, form an algebra
A of bounded operators acting on H; the observables of the systems are part of this
algebra.
In this setting the notions of separability and entanglement cannot just be ex-
trapolated from the case of distinguishable particles. In the case of two non-identical
standard qubits these notions are connected with the natural Hilbert space product
structure H = C2 ⊗ C2 and the corresponding algebraic product structure for the
space of the associated observables A = M2(C) ⊗M2(C), with M2(C) the set of
2× 2 complex matrices. Both are related to the individual particle picture whereby
one is able to identify the two qubits and the local observables as those taking the
form
A⊗B = (A⊗ 1) (1⊗B) , (3)
where A is an observable of the first qubit, while B that for the second one. In other
terms, local observables for two-qubit systems are characterized by being tensor
products of observables pertaining each to one of the two parties: they commute
and, following 37, we term them as algebraically independent.
Consider instead a system composed by two fermions that can occupy two
modes, and thus described by the set of operators (a1, a
†
1, a2, a
†
2): the single particle
Hilbert space is still C2; however, the CAR in (1) make the total Hilbert space H
consist of the vector a†1a
†
2|0〉 only and the Fermi algebra A linearly generated by the
identity together with at most second order monomials in a1, a
†
1 and a2, a
†
2. Clearly,
the particle Hilbert space tensor product structure is lost as well as the locality of
observables expressed by the tensor product structure as in (3).
The way out is provided by identifying local observables with products of com-
muting observables that is with observables that can be simultaneously and inde-
pendently measured without the need of attaching them to any particular particle
In quantum many-body theory, a most natural identification of local observables
is in terms of self-adjoint operators supported within disjoint volumes, say a finite
volume V1 and its complement V2 = R
3 \ V1 (disjoint apart from their common
border). Then, one considers the two subalgebras A1,2 generated by creation and
annihilation operators a(f1) , a
†(f1) and a(f2) , a
†(f2) of normalized single particle
states f1, f2 supported within the two volumes: a
†(f1,2)|0〉 = |f1,2〉.
In the case of bosons, the Canonical Commutation Relations (CCR) yield
[a(f1) , a(f2)] = [a
†(f1) , a
†(f2)] = 0 and
[a(f1) , a
†(f2)] = 〈f1|f2〉 = 0 , ∀ f1,2 : supp(f1) ⊆ V1, supp(f2) ⊆ V2 . (4)
The vanishing commutators provide a non-relativistic expression of the so-called
bosonic micro-causality; in relativistic quantum field theory, micro-causality
means that bosonic fields in causally-disjoint space-time regions cannot influence
each other and must then commute 25,26.
Things radically change in the case of fermions; in this case, micro-causality
demands the anti-commutators {a(f1) , a†(f2)} to vanish. On the other hand, the
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algebraic independence of operators is based on their vanishing commutators; in
order to check that, one may use the algebraic relation
[AB , C] = A {B , C} − {A , C}B . (5)
It then follows that two operators supported in disjoint volumes commute when at
least one of them is constructed by means polynomial involving only even powers
of creation and annihilation operators. Therefore, given two sub-algebras A1,2 of
the Fermi algebra A, localized within disjoint volumes, on one hand one has the
micro-causality condition expressed by the anti-commutativity of the basic creation
and annihilation operators,
{a#(f1) , a#(f2)} = 0 ∀ f1,2 : supp(f1) ⊆ V1, supp(f2) ⊆ V2 , (6)
where a# stands for a or a†. On the other hand, from the point of view of the
algebraic independence of fermionic observables one ought to distinguish the so-
called even and odd components of A1,2.
Definition 1. Let Θ be the automorphism on the Fermi algebra A defined by
Θ(ai) = −ai, Θ(a†i ) = −a†i for all ai, a†i ∈ A.The even component Ae of A is the
subset of elements Ae ∈ A such that Θ(Ae) = Ae, while the odd component Ao of
A consists of those elements Ao ∈ A such that Θ(Ao) = −Ao.
Remark 1. The even component Ae is generated by the norm closure of even
polynomials in creation and annihilation operators and is a subalgebra of A, while
the odd component Ao is only a linear space since the product of two odd elements
is even. Even if self-adjoint, odd elements like
Ao1 = a(f1) + a
†(f1) , A
o
2 = a(f2) + a
†(f2) , (7)
with a#(f1,2) as in (6) are not considered to be observable as they are not compat-
ible with superselection rules 40,41,42: for instance, they do not leave the number
operators invariant. Since they do not commute, were they observable, their respec-
tive measurements would interfere with each other despite the disjointness of their
supports. In axiomatic relativistic quantum field theory, they are known as unob-
servable fields: however, with their even powers one constructs operators like energy
and currents. These are not only observable, but, if supported within causally sep-
arated regions, they also commute and are thus algebraically independent. 
The splitting of the whole algebra A into a bipartition consisting of two subalge-
bras supported within disjoint volumes can be generalized by means of annihilation
and creation operators corresponding to different modes. Indeed, a bipartition of
the algebra A of a system of N fermions each one capable of M ≥ N modes can
be given by splitting the collection of creation and annihilation operators into two
disjoint sets, {a†i , ai |i = 1, 2 . . . ,m} and {a†j , aj , | j = m + 1,m + 2, . . . ,M}; it is
thus uniquely determined by the choice of the integer m, with 0 ≤ m ≤M .
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In order to discuss the consequences of the second-quantization (algebraic) ap-
proach we start with the following definitions:
Definition 2.
(1) Two subalgebras A1, A2 of the Fermi lagebra A will be called disjoint if they
are generated by the norm-closure of polynomials in annihilation and creation
operators of modes belonging to disjoint subsets I1 and I2.
(2) An algebraic bipartition of the Fermi algebra A is any pair (A1,A2) ⊂ A
of disjoint subalgebras, with only the identity operator in common, such that
A1 ∪A2 = A.
(3) An operator of A is said to be (A1,A2)-local, i.e. local with respect to a given
bipartition (A1,A2), if it is the product A1A2 of an element A1 of A1 and
another A2 in A2.
In general, a state ω over the Fermi algebra A is any normalized, positive, linear
(expectation) functional ω : A 7→ C, such that the average value of any observable
O can be expressed as the value taken by ω on it, 〈O〉 = ω(O), the standard
example being 〈O〉 = Tr(ρO), namely an expectation functional given by the trace
operation with respect to a density matrices ρ.
From the notion of operator locality, a natural definition of state separability
(absence of non-local correlations) and entanglement (presence of non-local corre-
lations) follows 31:
Definition 3. A state ω on the algebra A will be called separable with respect
to the bipartition (A1,A2) if the expectation ω(A1A2) of any local operator A1A2
can be decomposed into a linear convex combination of products of expectations:
ω(A1A2) =
∑
k
λk ω
(1)
k (A1)ω
(2)
k (A2) , λk ≥ 0 ,
∑
k
λk = 1 , (8)
where ω
(1)
k and ω
(2)
k are given states on A; otherwise the state ω is said to be
entangled with respect the bipartition (A1,A2).
Remark 2. It clearly appears from the previous definition that separability or
its absence are properties of states of systems of identical particles which strongly
depend on the chosen bipartition. Indeed, as already remarked in the introduction,
there is no a-priori given algebraic split into system 1 and system 2 as in the case
of the tensor product of the algebras of two distinguishable particles 27-36; this
general observation, often overlooked, is at the origin of much confusion in the
recent literature. 
3. Separable and entangled fermionic states
For bosonic states 31, the two subalgebras A1, A2 commute. As already observed,
the condition [A1, A2] = 0 for allAi ∈ Ai, i = 1, 2, encodes at the algebraic level the
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intuition that entanglement should be connected with the presence of non-classical
correlations among commuting, that is algebraically independent, observables.b.
However, in the case of fermions, the operators A1,2 are only required to satisfy the
condition of fermionic micro-causality, namely that they must belong to subalgebras
constructed by anti-commuting annihilation and creation operators. In the following
we shall clarify the reasons for this choice.
Given the algebraic bipartition (A1, A2), one can define the even Aei and odd
Aoi components of the two subalgebras Ai, i = 1, 2. Only the operators of the
first partition belonging to the even component Ae1 commute with any operator of
the second partition and, similarly, only the even operators of the second partition
commute with the whole subalgebra A1.
3.1. Structure of separable fermionic states
A crucial observation is that the decomposition in (8) makes sense only when at
least one of the state entering each of the products at the right hand side vanishes
on odd elements. This fact follows from a result 39 whose simple proof we report
as it sheds light upon the constraints posed by anti-commutativity.
Lemma 1. Consider a bipartition (A1,A1) of the fermion algebra A and two
states ω1, ω2 on A. Then, the linear functional ω on A defined by ω(A1A2) =
ω1(A1)ω2(A2) for all A1 ∈ A1 and A2 ∈ A2 is a state on A only if at least one ωi
vanishes on the odd component of Ai.
Proof. If ω1,2 do not vanish on the odd components Ao1,2, there exist self-adjoint
Aoi ∈ Aoi , such that ωi(Aoi ) 6= 0, i = 1, 2. Then, the anti-commutativity of the odd
elements Aoi yields a contradiction as
ω(Ao1A
o
2) = ω(A
o
2A
o
1) = −ω(Ao1Ao2) = ω1(Ao1)ω(Ao2) 6= 0 .
It thus turns out that, given a bipartition (A1,A2) of the fermion algebra A,
i.e. a decomposition of A in the subalgebra A1 generated by the first m modes and
the subalgebra A2, generated by the remaining M −m ones, the decomposition (8)
is meaningful only for local operators A1A2 for which [A1, A2] = 0, so that, also
for fermions, separable states yield linear convex combination of products of mean
values on all products of commuting observables.
3.2. Structure of entangled fermionic states
As a consequence of the previous Lemma, we also have that if a state ω on the Fermi
algebra A does not vanish on a local operator Ao1Ao2, with the two components
bFor this reasons, in dealing with fermion systems, the discussion is often restricted just to the
commuting subalgebras Ae
1
, Ae
2
of even operators 17
June 13, 2018 16:53 WSPC/INSTRUCTION FILE paper
Entangled Fermions 7
Ao1 ∈ Ao1, Ao2 ∈ Ao2 both belonging to the odd part of the two subalgebras, then it
is entangled. Indeed, in such a case it cannot be split as in Definition 3.
Given a bipartition (A1,A2) where the number of modes is M = 2N , with
odd number of fermions N and A1, respectively A2, is constructed with creation
and annihilation operators of the first N , respectively the second N modes, a very
simple instance of a state with the above characteristics is given by a pure state
consisting of the balanced superposition of N fermions in the first N modes and
none in the other ones, with no fermions in the first N modes and N in the second
ones:
|Ψ〉 = 1√
2
(
|N ; 0〉+ |0;N〉
)
=
1√
2
(
a†1a
†
2 · · · a†N + a†N+1a†N+2 · · ·a†2N
)
|0〉 . (9)
Consider the product of odd elements A01A
0
2, where A
o
1 = a1a2 · · · aN ∈ A1 and
Ao2 = a
†
N+1a
†
N+2 · · · a†2N ∈ A; then
A01A
0
2|0;N〉 = 0 , A01A02|N ; 0〉 ∝ |0;N〉 =⇒ 〈Ψ|Ao1Ao2|Ψ〉 =
1
2
. (10)
Thus, in full agreement with its evident entangled structure, the pure state |Ψ〉 is
not separable according to the Definition 3.
However, if state separability had been defined by asking the factorization in (8)
only relatively to even (and therefore commuting) operators, it would have followed
that, on the algebra generated by Ae1,2, the pure state |Ψ〉 coincides with the sepa-
rable density matrix
ρsep =
1
2
|N ; 0〉〈N ; 0|+ 1
2
|0;N〉〈0;N | .
Indeed, N odd implies 〈N ; 0|Ae1|0;N〉 = 〈N ; 0|Ae2|0;N〉 = 0 for all Ae1,2, whence
〈Ψ|Ae1Ae2|Ψ〉 =
1
2
(
〈N ; 0|Ae1|N ; 0〉 〈N ; 0|Ae2|N ; 0〉 + 〈0;N |Ae1|0;N〉 〈0;N |Ae2|0;N〉
)
= Tr
(
ρsepA
e
1A
e
2
)
, ∀Ae1 ∈ Ae1 , Ae2 ∈ Ae2 . (11)
In relativistic quantum field theory a still open problem is the relation between
the locality of observables (identified with them being algebraically independent)
and their statistical independence which is related to a reference state 37,38. More
concretely, the issue at stake is to derive the commutativity of two sub-algebras
A1,2 from whether or not the sufficiently many states factorize over product of
observables A1 ∈ A1 and A2 ∈ A2. In this context one has the following definition
of uncorrelated states 38.
Definition 4. Given two (not necessarily disjoint) subalgebras A1,2 of the Fermi
algebra A, a state ω on A is (A1,A2)-uncorrelated if
ω(P1 ∧ P2) = ω(P1)ω(P2) , (12)
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for every pair of projections P1 ∈ A1 and P2 ∈ A2, where
P1 ∧ P2 = lim
n→+∞
(P1P2)
n = lim
n→+∞
(P2P1)
n
= lim
n→+∞
P1(P1P2P1)
nP1 = lim
n→+∞
P2(P2P1P2)
nP2 (13)
denotes the largest projector Q ∈ A such that Q ≤ P1, Q ≤ P2.
The above definition refers to any pair of subalgebra, that is not necessarily form-
ing an algebraic bipartition in the sense of Definition 3. It is thus interesting to relate
the entangled structure of |Ψ〉 to the above characterization of uncorrelated states:
it turns out that, given a bipartition (A1,A2), the pure (A1,A2)-entangled state
|Ψ〉 in (9) is also (A1,A2)-correlated. This enforces the need of defining fermionic
entanglement basing on micro-causality rather than on algebraic independence.
This can be seen by considering the projections
P1 =
1 + a1 + a
†
1
2
∈ A1, P2 =
1 + aN+1 + a
†
N+1
2
∈ A2 ,
constructed with the creation and annihilation operators of the first and N + 1-th
mode that belong to the different subalgebras of the disjoint pair (A1,A2). It proves
convenient to work within the spin-representation provided by the Jordan-Wigner
transformation
ai =
( i−1⊗
j=1
σz
)
⊗ σ− ⊗
( 2N⊗
i+1
1
)
, σ− =
σx − iσy
2
whereby (14)
P1 =
1 + σx
2
⊗
( 2N⊗
j=2
1
)
(15)
P2 =
1
2
(( 2N⊗
j=1
1
)
+
( N⊗
j=1
σz
)
⊗ σx ⊗
( 2N⊗
j=N+2
1
))
. (16)
Then, one computes
P1P2P1 =
1 + σx
4
⊗
( 2N⊗
j=2
1
)
.
The non-zero eigenvalue of P1P2P1 is 1/2: thus P1 ∧ P2 = 0, 〈Ψ|P1 ∧ P2|Ψ〉 = 0,
while
〈Ψ|P1|Ψ〉 = 〈Ψ|P2|Ψ〉 = 1
4
, (17)
so that |Ψ〉 cannot fulfill the condition (12) and is thus (A1,A2)-correlated.
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4. Conclusions
In order to properly extend the notions of separability and entanglement to quantum
systems consisting of identical particles, an optimal framework is provided by the
second quantization formalism. This allows one to resort to the more general mode
picture and to abandon the particle based tensor product structure of Hilbert spaces
and algebras of observables, valid only for distinguishable particle.
Unlike in the case of bosonic systems, in the case of fermions the fundamen-
tal anti-commutativity of creation and annihilation operators of orthogonal modes,
known as micro-causality, conflicts with the notion of algebraic independence of lo-
cal observables, that is with the fact that they must commute in order to be simulta-
neously measurable without interferences. In order to reconcile micro-causality with
algebraic independence one usually restricts oneself to considering even fermionic
subalgebras, namely the closures of even polynomials in fermionic creation and an-
nihilation operators. Then, the elements of these subalgebras, even if constructed
with anti-commuting creation and annihilation operators of orthogonal modes, do
commute
We have shown that, if separability is defined by restricting to commuting even
subalgebras, that is to algebraic independence, then an apparently entangled state
would be termed separable, whereas the same state is perfectly entangled with
respect to a definition of absence of correlations based on micro-causality, namely
with reference to disjoint full fermionic subalgebras, that is not only to their even
components.
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